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Nonlinear Alfvén waves in magnetized plasmas with heavy impurities or dust
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Nonlinear electromagnetic wave propagation in a magnetized plasma with heavy impurities, in particular,
dust grains, at frequencies below and of the order of the ion-cyclotron frequency is considered. The presence
of immobile dust grains leads to a considerable change of the dispersion characteristics for wdfwes
propagating along the uniform magnetic field, especially for small wave numbers when two modes with a
relatively large frequency gap appear. We discuss the consequences of this dispersion for the nonlinear prop-
erties of the waved.S1063-651X96)07712-4

PACS numbes): 52.35.Bj, 52.35.Mw, 52.35.Sb, 52.25.Vy

I. INTRODUCTION the grain charge is negativéi.e., Z4>0) and large
(Z4~10°—10°), so that an appreciable proportion of the
The study of Alfven waves is important for magnetized negative charge in the plasma may reside on the dust par-
space plasmas. When the amplitudes of the waves are larggsles. In that case the dispersion properties of Alfie the
nonlinear effects become essential in their propagation. It hasiasma are strongly modified by the dust, because the ion
been demonstrated that in plasmas with uniform density angiall current is not compensated by the electron Hall current
background magnetic field, a balance between nonlinearityt low frequencies as well as at frequencies comparable with
and dispersion can be established for the circularly polarize¢he ion-cyclotron frequency, so that ion-cyclotron effects ex-
waves propagating along the external magnetic field, leadingend to frequencies much less than the ion-cyclotron fre-
to the formation of solitary wave structurEs-5|. The evo-  quency[14]. There is an analogy to the case of electromag-
lution of the wave magnetic field is governed by the derivanetic waves in plasmas in solids with unequal electron and
tive nonlinear Schrdinger equatiofDNLS) which is one of  hole number$15]. The effect of the charge imbalance on the
the canonical equations solved by the inverse scatteringispersion relation of linear Alfwe and magnetoacoustic
transform[6—8]. waves in a dusty plasma has been investigated previously by
Many space plasmas contain charged dust and the preg-number of authorgl4,16). Referencd16] focused on the
ence of such a heavicompared with the masses of i9ns very low frequencymuch less than the ion-cyclotrpwaves
component can strongly affect the collective processes in thgat are affected by the motion of the dust grains themselves,
plasma. Thus recently there has been much interest in thghile [14] considered the circularly polarized electromag-
investigation of a dusty plasma, i.e., a multicomponent lownetic waves propagating parallel to the magnetic field in a
temperature ionized gas containing electrons, ions, anglasma with static dust grains, in particular, the case of fre-
charged dust particulates of a micrometer size. The charginguency much less than the ion-cyclotron frequency. Low-
of the dust is due to various effects such as plasma currentequency dusty plasma modes taking into account dust grain
photoemission, etc. Here, we note that numerous applicanotions and plasma temperature effects have also been stud-
tions of dusty plasma studies include not only plasmas ined in recent papdrl7]. Furthermore, nonlinear electromag-
space and the earth’s environmé@l0], but also laboratory netic modes in dusty plasmas at very low frequencies with
plasmas, expecially those for the manufacture of microelecdust grain motion and dust charge fluctuations have been
tronic component$11,12. considered if18-20. It was also demonstrated that under
The presence of dust particles changes many plasma preertain conditions a whistlerlike instability in a dusty plasma
cesses. One of the most important effects is the collection afjith streaming electrons and ions may develop in the pres-
electrons and ions from the background plasma by thence of the charge fluctuatiofi2l].
charged grains. This affects the equilibrium state when the |n dust-free plasmas, the low-frequency electromagnetic
electron and ion charge balance necessarily includes thgaves have the usual shear and compressional Alivave

charge and density of the particulates properties, while in the presence of the dust grains the waves
are better described as circularly polarized whistler or heli-
—en.ten—2Zzeng=0. ) con waves extending to low frequencidst,22. The waves

at frequencies comparable to the ion-cyclotron frequency in
Hereng; 4 is the concentration of plasma electrdmsth the  dusty plasmas are also circularly polarized modes, as in the
charge—e), ions(for simplicity, we consider singly charged dust-free case. Recently, it has been demonsti@2dthat
ions), and dust grains, respectively. For many dusty plasmashe Alfven resonance process is strongly modified in the
presence of dust grains because of the imbalance of electron
and ion charges.
"Electronic address: vladimi@physics.usyd.edu.au; In this paper, we study nonlinear effects in the electro-
http://iwww.physics.usyd.edu.aukladimi magnetic wave propagation parallel to the uniform back-
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ground magnetic field in a magnetized plasma with cold By eliminating the electron variables from Eq®)—(6),
electrons and stationary dust grains. The wave frequencieend using Faraday’s law, we find the following nonlinear
are less than or of the order of the ion-cyclotron frequencyMHD (with Hall term) system of equations, modified due to
We neglect the influence of the dust motidsee, e.9.[17—  the charge imbalance

21]) as well as the dust charge fluctuation eff¢di8—21,23.

We show that since the linear dispersion of the waves at <9_P+V —0 7
frequencies of order and less than the ion-cyclotron fre- ot (pv)=0, @
qguency is radically altered when a proportion of the negative

charge resides on the dust grains, the nonlinear properties of JB 1 dv

the modes are quite different from the well-known dust-free 2t = V(vXB) ‘EVXE’ (8)

case. For small wave numbers, two circularly polarized small
amplitude modes with relatively large frequency gale- and
pending on the electron-ion charge imbalgrmecur, and the
nonlinear properties of these two modes are quite distinct. v VA
For the higher-frequency mode, the character of the disper- o=~ (1= 9)Qvx B+7(VX B)B, ©)

sion and nonlinearity leads to the mixed DNLS-N$n-

linear Schrdingen equation for the field envelope evolution where for convenience we have introduced the dimensionless
in the case of a constant profile traveling wave. For the lowmagnetic field amplitude normalized @&=B/B,, where
frequency mode, the nonlinear effects in the presence of thg,=|B,|, and we have omitted the subscripfor the ion
immobile dust are shown to be of lower order, and the dustelocity. In Eqs.(7)—(9), p=m;n;/py is the normalized den-

grain dynamics as, e.g., in Re[ﬂ_7—2]], should be included S|ty of the ion component of the p|asma, Wher@: m;N;o

2

in consideration of this mode. andn;, corresponds to the ion concentration in the state of
equilibrium, Q;=eBy/m; is the ion gyrofrequency,
Il. WAVE EQUATIONS va= (B3 uopo) 2 is the Alfven velocity based on the equi-

We invoke the standard two-fluid magnetohydrodynamic“bnum ion density. The charge imbalance in the impurity-

Co . containing plasma introduces the first term on the right hand
weﬂz)mm:df;&enz 1%?%%\2:]) Iavgrr]fgr]m '?Clgﬁ:rs (tar(]decfcl)l;;j(ijowso- side of Eq.(9) and modifies the last one there. Equations
and (inertigles$ electrons Ft)he ion %gntinui? equation, as (1—(9) reduce, in the case of a dust-free plasma{ as-
well as Maxwell's e uatio’ns ignoring the disy Ia?:ement’ cur-Suming quasineutrality is maintainedo the equations used
rent. The backgrounqd magnet?c fieﬂiagis in thepz direction in [1-8] in a treatment of nonlinear Alfrewaves.
and the dust grains have infinite masge® thus exclude We note that Eqs(7)—(9) are only valid if the frequency

dust dynamics from consideratiprEurthermore, we intro- is much less than the electron cyclotron frequency and the

i ) isplacement current can negl . We show in i
duce the parametet=n./n; which measures the charge im- displacement current can be neglected. We sho Sec

. ; that the first condition requires that
balance in the plasma. The total system is supposed to bea e first condition requires tha

neutral with the remainder of the charge residing on the dust me

particles according to Ed1). S>> —. (10
The starting equations for the ion and electron velocities m;

v; andv,, the wave electric fieldE and magnetic field (the

latter also includes the background fidélg), and the ion and

electron densities; andn, are given by

The electron current in Eq6) is much greater than the dis-
placement current if

w
mini%=eni(E+vi><B), 2) HoeMeve> 2, (9
which may be written, using.~E/B,,
0=—eny(E+v,XB), 3
® Va
an; o> E ?, (12
— FV(nv)=0, @ |
while the ion current is much greater than the displacement
V.B=0, (5)  current if
and i va
;> = (13
VXB=poe(N;Vi—NeVe). (6)

Since we are mostly interested in the frequency range of
Here, m; is the ion mass. We have neglected the electrororder or less thati};, and we assume thaf,<<c, condition
inertia in Eq.(3), which is equivalent to assuming that the (13) is always satisfied. Furthermore, we assume thag
wave frequencies of interest are much less than the electrdarge enough to satisfy conditiod0) and (12), and note
cyclotron frequency().. We have also neglected the dis- that in the case of very small electron densig~~0) the
placement current in E(d6). wave modes for such a system of mobile positive ions in a



6764 S. V. VLADIMIROV AND N. F. CRAMER 54

neutralizing background of stationary negative dust grains 10 e -
would be analogous to the magnetoionic modes of electrons I :
in a neutralizing background of stationary positive iph3]. 0Bl
The case of small electron density would be less likely to ' i
occur in laboratory or astrophysical plasmas, so that we do ., |
not consider it in detail here. g 0.67
We consider the one-dimensional célseing interested in ER
evolution parallel to the external magnetic fielhd intro- 204
duce the righdeft) circularly polarized magnetic field com-
ponentsB. =B,*+iB,. Therefore from Eqs.7)—(9) we find 0.2
dp d(pvy) :
a_f (gzz 0, (14) ool .
0.00 0.10 0.20 0.30 0.40 0.50
., Wave number
dB . d 1( 5 _ivp @ ( 1 aBi)
= | =<\ + U+ -~ | = ’
ot gz[ 8T 7T QO 9z\pd 9z FIG. 1. The normalized frequencies/Q; of the two modes

(15 plotted against normalized wave numbles,/;, for §,=0.8
(solid curveg and 5,=1 (dashed curvesThe dotted line delineates

dv. 1-46 A B the wave number regi
——i0. _ YA 0P+ gions andB.
dt +i) 5 (v,B+—v+) 5 oz (16)
1-6
and Ko Q) ————r (21)
. , A 21+ 59
de | Qi 1-6 * * A 2
dt T2 s (UiB:_U:Bt)_ﬁ 5(|Bt| ), (regionA in Fig. 1) then we find the following approximate
(17 solutions for the dispersion relation of the waves:
where the righiieft) circularly polarized velocity component Zvi
has been introduced analogously to the magnetic field com- w_1=0p=0py 1+ (1= 57202 (22
ponentv . =v,*iv,. The system of Eqg14)—(17) is basic 07
for our further investigation. and
IIl. LINEAR DISPERSION k2v4
. o . W 1= = 1-o Q y (23)

Linearizing Egqs(14)—(17) with respect to the wave mag- ( 0){i

netic field, we find
where
2 _ 2 2 2 3
(a_ﬁmiﬂi_v_fxﬁ_ziiv_fxﬁ_z> o, -5,
ot 8o ot 89 97° T 06, dtoz?) Q=0 ——. (24)
0

(18)

where 8,=neo /Ny, Measures the unperturbed electron and! € cutoff frequency of the higher-frequendytF) mode at
ion number density imbalance. Thus the positive linear frek=0 as well as the whistler-type dispersion relati@g) of

quency of the: mode with the wave numbée=k, is given the lower-frequencyLF) mode was obtained bjl4]. Note
that usingw~ Q , in the requiremenb <<}, for validity of

b
y the Eqs(7)—(9) in the case’,<1, yields the conditiorf10).
A kZUf\ Using o~ Q, in the condition(13) yields 50>v§/02, while
w=1=F 55 1= 6o+ o7 condition (12) for o~Q,, and §,<1 gives
‘QIZ kZUi 2 kZUi 12 Ua
L i A _A 6> —. (25
+ + +
453 ( 1= %0% g2 X (19 >

Figure 1 shows the two solutions of the dispersion rela- !f We consider the higher wave number range defined by

tion (19) in the form of a plot of the normalized frequency

w/Q); against the normalized wave numbkp,/Q; for 1-6p <kp.<0) 26)
5,=0.8 and, for comparison, the dust-free cage=1. We ' J2(1+ ) VAT
can divide the range d€v 5 up into two regionsA andB as
shown in Fig. 1. First, we consider the case (regionB in Fig. 1) then we obtain
kUA<Qi . (20) 1+ 50 1/2 Qi kzvi
, . . oHE,LE=Kvua 5 i?(l_%*’ ?), 27
If in addition to condition(20) we have i
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i.e., an almost linear dispersion relation, with a displacement dAp v,
in frequency due to the charge imbalance and ion-cyclotron ot Tz Y (34)
dispersion, of opposite sign for the two modes. Note that the
regionB exists as a distinct region only in the case when th
electron density is not too small; we distinguish the region
B specifically since for many applications this case is of o i0 02 4
particular interest. For example, for dusty interstellar clouds =7 —"(y.B*—v%B.) __A —(|B.|?), (35
whose Alfvan waves are strongly affected by the dust, at 2 T T 2600z T
(1—6) is typically of order 104 [16]. ,
Finally, if we consider waves with where we have used the relations
Qi <kva, (28) p=~1+Ap, 6~ +(1—5y)Ap. (39
we have the following dispersion relations for the high- Note that for the linearization used in E¢82)—(35) to be
frequency and low-frequency mode, respectively: valid, the conditionA p< 5, must hold. If §,~0, i.e., if the
electron density is very small, the resulting nonlinear equa-
Q, kzui tions would have a different structure to E¢32)—(35). We
wHF:6_O< + le ) (29) will not discuss that case here, since it is a subject for a

separate investigation which will be reported elsewhere.
Taking the time derivative of E¢32), and using Eq(33),

which is the whistler mode, and _ X ; :
we obtain the following second order equation By , lin-

w =0, (30  earized inAp anduv,:
which is the usual resonant electromagnetic ion-cyclotrond?B.. L B+ N vi 15 19)\0 - Ap\ dB.
mode. . o _ aZ e T\ My at) oz 5| oz
Note that as a solution of the dispersion equaftits), we

also have two negative-frequency modes with frequencies 1d10 1-6 Aol + I+

w2 =—w’. For the wave fields, the following obvious rela- 8o 0z| at\ Vo ET T g, VBRI TV,
tionship holds:

B(}):(B(E))* (31) ZiQmAp|, 37

where the fieldsB") as well asB‘® correspond to the which generalizes the linear equatid®) to include the non-

higher-frequency mode, whereBS? andB® correspond to  linear terms involvingAp andv,. Rearranging linear and
the lower-frequency mode. nonlinear terms in Eq37), we can rewrite it as

We now proceed to analyze the nonlinear behavior of the L .
modes satisfying conditio(20). d | 9B OB+ iva 9°B. +i _TvpaAp 9B
at| ot MEE= 5.0 022 dz\ ¢ 6 oz

IV. NONLINEAR CONTRIBUTIONS 1 2
J

" 5 022

v,B: viAp
The linear electromagnetic modes discussed above do not + 5 52 )
involve perturbations ofp or v,. However it is apparent 0 0

from the nonlinear equationd4)~(17) that fluctuations in Thus we see that the imbalance between the electron and ion

these quantities will provide a nonlinear modification of the .
electromagnetic modes, just as for the dust-free case. Tr?eonllnear currentédue to electron capture by the dulsiads

fluctuations inp andw,, are assumed to be of small amplitude . the amplification of the nonlinear ternighe factordy in
n@ Uz . amp their denominatops We now consider the nonlinear modifi-
[of order |B.|* from Eq. (17)], so we can linearize Egs.

) - ; . cations of the linear modes described in Sec. Il for the two
(14)—(17) in these quantities, to obtain the following equa- lowest wave number regior and B.

(vaB.—vw.). (38

tions:
B 1 9 1-6, A. Region A
=———|v,B+—|1— Aplv+ . . e

ot A do We consider separately the nonlinear modification of the
., higher-frequency and lower-frequency linear modes with
vy 4 Ap\oB iafyi

+ A [ _2P)E= (32 wave numbers satisfying EqR1).

602 9z Sy 0z

1. Higher-frequency mode

The wave is assumed to propagate at a frequency close to
Q,,, so that we introduce the envelope amplitudes of the
wave magnetic field and ion velocity perturbations as

v + v . Ap
7+U2¥:+|Qm UZBJ:_ 1-—|vs

(33 B ,=biexp(—iQut), v y=vexp—iQut). (39)
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The nonlinear term in Eq.37) may be simplified using the even in the linear approximation we do not take into account
approximate linear relations fdr; anduv: time derivatives of order higher than unity, and space deriva-

- tives of order higher than twowe find
&bl 1 (9Ul IUA ﬁzbl

i 4+ ——~— TR 2
Ut G5, 7z a0, a2 40 by vk %y 1 9 dvg) 49)
t 600y 972 800y dz\ 2 ot '
and
5 An equation forv, can also obtained using the linear re-
vy  vp dby lations (45) and (46)
—~ . (41
N Sy 9z .
v, 1) , dvs dvs
The dominant contribution to E¢38) is then Tt 2\ P2 T
O d A g [ b
i—|(1+89)—=(v,B_)—iQ,,ApB_|, (42 ~— A T2 lp|2—3 =2|2].
8o Yoz " " 2(1- 60)202 9z\ 922 b2"=3 7, 49

and the result of using the envelope expressiB® and  Thys we can conclude that the nonlinear contribution to Eg.
retaining the largest dispersion and nonlinear terms, is thgsg) in the approximation used is negligible since it contains
following equation for the envelope amplitude of the mag-high orders of field derivatives. We also should mention that

netic field: for the lower-frequency mode, the dust dynamics can be of
2 large importancg17], so that Eqs(48) and (49) should be
ia_b1+ a9 bzl ;11 %0 9(v:by) +Q,Apb;=0. modified to include dust dynamic terms. Since we are only
at 5(2)Qm Jz ) Jz considering immobile dust grains in this paper, we do not
(43 study the nonlinear properties of the lower-frequency mode
further.

Thus we see that the charge imbalance leads to the appear-
ance of an additional nonlinear term containing the variation
of the ion densityA p=An;/n;q; the corresponding term is
absent in the dust-free case. For this range of wave numbers, defined by Exf), the

For the parallel component of the ion velocity perturba-ion-cyclotron and dust dispersive terms in the dispersion re-
tion, we have from Eq(35) lation Eq. (27) are similar size corrections to the usual
Alfvén wave dispersion relation. The same method of

B. RegionB

g _iQ_m( *p. b*)—ﬁ d(|baf?) (44) stretched coordinates as used for the dust-free [dgdseith
gt 2 ViR Uibl) o s Ty an expansion parameter where

Equations(43) and (44), together with the linearized conti- kvua Qm

nuity equation34), form the set of equations describing evo- ﬁl =0(e) anda =0(e), (50

lution of the higher frequency mode amplitude.
can be used to simplify Eq37) or Eq. (38), with the result-
2. Lower-frequency mode ing derivative nonlinear Schdinger equatior{DNLS)

In this case, we have the approximate linear relations for
b,=B, andv,=v,

&Ei aﬁi UE\

topa—— | 1— 5
at YAz 255(1 25,

J ~ .~
7 2
7 (B.1B.)

B S S 2 2R

ot Sy 9z 6oQ) 977 (45 +iv_AE:o (51)

T26,Q 972
and
, where

vy va dby

2 Q= 22 (46) ~ Q

at m20 5 oz B+=B+exr{ii7mt). (52

Retaining the dominant dispersive and nonlinear terms in Eq.
(38), we obtain We note that the condition&0) imply that §,=1— O(€?),
so that to dominant order ia the coefficients of the de-
ad voAp rivatives in Eq.(51) are not affected by the dust. Also the
E(Uz 2+5—O) dust term in Eq.35 contributing to the slow variation of
v, is much smaller than the other term on the right hand side
of Eq. (35). Thus the main effect of the dust in this case is a
=0. (47) frequency shift given by Eq52). Note that Eq.(51) holds
under condition(26), in particular, this means that the spe-
Using the linear equation@l5) and (46), and ignoring non-  cific cased~1/2 when the nonlinear term of E¢1) van-
linear terms containing higher order derivatie® note that ishes, is excluded.

_ab2+ v #b, 1 4
" 5oy 022 690y 02

J
+ 5(0202)
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V. NONLINEAR WAVES 2

Ua
vZ(Z) - 21)050

2
We now seek wave solutions of the weakly nonlinear 022, (60

equations derived in the preceding section for the higher- ) ) )

frequency mode of regioA. Note that the dispersion rela- ~ Using Eq.(57), we can write Eq(43) in the form of a
tion (22) obtained under assumpti@®1) has no analogies in Mixed DNLS-NLS equation

the dust-free case, therefore the results in this section are db d2b d

valid only when Eq.(21) is satisfied and thus cannot be _iUO_1+D_21;+iM_(|bl|2bl)+V|bl|2b1:01
related to the nonlinear waves studied 13-5] which corre- dz dz dz

spond to the limits,— 1 under conditior{26), see also Sec. (61)
IV B. -
. - . here the coefficients are
We start with Eqs(43) and(44) describing the nonlinear W et
evolution of the envelope amplitude of the magnetic field for Ui (1+ 50),)% mvi
this mode. First, we have the linear solution of the equations D= 20 *~ 25 V=522 (62)
in the form 0% *m oVo oV o

Furthermore, substituting E¢55) into Eq.(61) and separat-

by =b1geXp —1Qt+iK2Z),  v1=viexp(—iQLFiK2Z), ing the imaginary part we find

(53
dO(Z) vy 3mbi,
wherebo andv 1o are constants, and - = _ 90 _ -
10 10 K(Z) a7 5D D Q(Z)=K(Z)vg.
szi (63
=25 (54) : .
66Qm The equation for the real part of EG1) can be written as
is the dispersion correction to the frequeriy,. d’byo ~ dU(by) 64
Now we allow for a slow dependence of the amplitudes dzz by (64)
b,o andv g, as well as their phas®, ont andz
where the nonlinear potential is
b;=biy(t,2)exdi®(t,z)]. (55 ) )
U(b)= —2b2+ | o — 00N pay B e (65)
We have (b)=gpzP"*|2p ~8p2/? T 302"

0 The potential(65) describes nonlinear cnoidal waves; the
Qtz)=-—- Ktz)=— (56)  corresponding solutions can be written in terms of elliptic
functions. Note that when

Furthermore, we consider a propagating solution only, where
all functions(including phasesdepend on <'Lw0 2 (14 8.) 8202 66
14 E OI’vA<( + 0) OUO’ ( )
Z=7z—vt. 5 A .
vo ©7 a metastable equilibrium state withy# 0 appears. A sepa-
ratrix dividing the quasiperiodic oscillations in this case cor-

In this case, for substitution in E¢44) we have from Eq. X i
responds to a localized wave packet. Also, we find that no

41), ; : : ) .

“D solutions in the form of standard soliton solutions occur if
v1(Z)=— Sv by (2). (58) the conditions opposite to E¢66) are applicable.

Therefore we find that terms containing the veloaity are VI. CONCLUSION

canceled in Eq(44) describing the evolution of,. This is
an important simplification which holds only under the as-
sumption of the dependence of both amplitudes and phase

To conclude, we have demonstrated that the presence of a
third charged immobile impurity component, such as dust, in

7 ai by EQ(57). | h | soluti f(%{qmagnetized plasma leads to qualitatively new features in
given by Eq.(57). In contrast, the most general solution of ye jinear and nonlinear behavior of electromagnetic waves

the DNLS equatioife.g., Eq.(51) describing waves in region for the frequencies of the order or less than the ion-cyclotron

B] assumes Qifferent dependences for the amplitudes and t'?reequency. First, there is a frequency split in the Aliwgave
phase, €., different carrier anc_i envelope sp¢8ils dispersion relation at small wave numbers due to the change
_ Assuming that all perturbations vanish &t> %, we i, the jinear dispersiotisee Fig. 1 Second, the nonlinear
find from Eq.(34) and Eq.(44) for the ion density perturba- ,oherties of the higher-frequency mode are changed com-
tion and parallel component of ion velocity pared with impurity-free plasmas; the basic nonlinear equa-
5 tion (43) for the magnetic field envelope contains additional
(59) nonlinear term proportional to the charge imbalance and
variation of the ion density. We have shown that the nonlin-
ear set of equation@!3) and (44), together with the linear-
and ized continuity equatiof34), in the case of equal carrier and

Ap(Z)= —2—|by(2)[2
20050
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envelope speeds can be reduced to the mixed DNLS-NLSific features of low-frequency electromagnetic modes due to
equation which possesses soliton solutions. Further investthe dust dynamics and charging. The approximation used in
gations are necessary in the case when the solutions canrnbe present paper assumes that all the characteristic frequen-
be represented in the form of a constant profile travelingsies of the nonlinear process are higher than the dust cyclo-
wave. We have also shown that there are no considerab[eon frequency and the Charging frequency_ Note that if these
nonlinear effects on the dynamics of the lower-frequencyassumptions are violated for averaged motions, the nonlinear
mode for thg case of immobile QUst g.rains; in this case, th%oupling will be strongly affected by these effects; in the
dust dynamics would be a dominant influence on the propragter case an analysis similar to that presentdd @ would
erties of the mode. , be necessary. We also mention that a coupling between the
Finally, we note that the dust-charge fluctuations as welly;n s, wave and the low-frequency dust-acoustic wave can

as the grain dynam!cs, neglect_ed in the pr_esent paper, Cad?:cur; the speed of the latter wave is rather small and deter-
also affect the nonlinear coupling of the higher-frequency

mode. However, these effects are of most Importance forr'nined by the frequency of o;cillations of the dust particles as
) ' ; ._well as by the electron and ion temperatures.

waves whose frequencies are much less than the ion-

cyclotron frequency. As we have mentioned in Sec. 1V, this

is also the reason why we do not consider in the present ACKNOWLEDGMENTS

paper(within the approximation of immmobile dust with a

fixed chargethe nonlinear properties of the lower-frequency  Support for this work has been provided by the Australian

mode. The investigatiod48-21 have addressed some spe- Research Council.
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